Linear water balance optimal operation models are common with relative short solution times but suffer from a lack of certainty whether the given solution is at all hydraulically feasible.
INTRODUCTION
Linear water balance optimal operation models are common with relatively short solution times but suffer from a lack of certainty whether the resulting solution is at all hydraulically feasible. Such models overlook water system properties such as pipe diameter and length, elevation of water tanks and other relevant properties. As an example: undersized pipe sections may limit gravitational flow rates from a water tank limiting the amount of water which may be supplied while maintaining a minimal water head to a consumer. As a result, a pumping station may be forced to work during peak water consumption periods to boost the amount of water and water head supplied to the consumers to meet constraints.
Headloss and water head
The headloss relationship between flow and head (i.e., the Hazen-Williams or Darcy-Weisbach formulas) hold a non-linear convex relation, resulting in a non-linear optimization model, which at times may be cumbersome and slow to solve. Minimal or maximal head/pressure constraints at nodes may affect the operation of a water distribution system, forcing pumping stations to work directly to consumption or forcing maintenance of high or low water levels in water tanks.
Water leakage
Water leakage may be a major or minor issue in a water distribution system, depending on size, age, and level of system maintenance. Water leakage increases operation costs due to excess water pumped at pumping stations. A direct approach to minimizing water leakage is a costly highlevel of system maintenance. In large and complex systems this is hard or uneconomical to maintain and the assumption is that there is always some amount of leakage in the system. The amount of leakage from a given pipe may be non-linearly related to the average water pressure along the pipe, the equivalent size of an orifice through which the water leaks and pipe length. For a given water distribution system, the operational approach to minimizing water leakage is to minimize water head/pressures throughout the system when not operationally required. Lowering the heads may be achieved by utilizing such means as: time dependent pressure reducing valves (PRVs), maintaining low water levels in water tanks or by increasing hourly flow rates throughout the system to raise dynamic headloss and lower water heads. The subject of PRVs is not addressed in the current research. Maintaining low water levels in water tanks, in order to reduce leakage, also reduces the available storage volume which may be used during low electrical tariff hours, forcing pumping stations to work more hours in expensive electrical tariff periods. Increasing hourly water flow rates may be achieved by operating pumping stations, which pump water from the problematic zone, during the peak consumer hours in which demands occur, increasing total hourly water consumption from the zone.
Pump station total head
At any given time, a pump's energy consumption is dependent upon the pump's total head (TH), the water flow through the pump and the pump's overall efficiency at a given flow rate. To deal with the non-linear relation between flow and a pump's energy consumption, linear programming (LP) models may assume an average fixed linear energy consumption dependent only on the hourly flow through the pump. In well-sized water systems where the pump's TH changes very little, relative to the flow, this assumption may suffice. In poorly-sized water systems or for pumping stations with a TH which is comprised mainly of dynamic losses, hourly changes in the TH may have a major effect on the pump energy consumption and on the water system's minimal cost optimal operation.
Source cost
Source cost is a fixed price per unit of water passing through a certain pipe leaving a certain source. The source cost penalty may represent the overhead cost of conveying the water along an external water system to the connection point which acts as a source node to the water system being optimized. A positive source cost (penalty) will cause the optimized water system to prefer other lower cost water sources. A negative source cost (reward) may be imposed to encourage the water system to prefer the rewarded source. Note that if the negative source cost is too rewarding, then the system may aim to maximize the amount of water taken from the rewarded source by means of increasing system water leakage and even operating the pumping stations in peak electrical tariff periods.
Current study
This study explores the effects of headloss, leakage, TH and source cost on minimal cost optimal system operation. HW headloss equation, non-linear form:
where: R i,j ¼ pipe resistance, constant.
HW headloss equation, linear form:
where: Ah t i,j , Bh t i,j ¼ headloss linear equation coefficients, constants.
LINEARIZATION OF THE WATER LEAKAGE EQUATION
Water leakage along a pipe (i,j) is given by Equation (4) Equation (5) presents the non-linear leakage equations used in the current study and Equation (6) presents the linear version used in the optimization model. Relative to Equation (4) an artificial head gain or loss variable was added, AH, representing head gain along the pipe given by a pumping station (positive value) or head loss resulting from a control valve (negative value). The artificial head variable is constantly set to zero in a pipe with no pumping station or valve. The leakage along a pipe is dependent upon the average water pressure along the pipe, pipe length and pipe leakage coefficient. The average water pressure along the pipe is defined as the average difference between the water head and ground elevation at both ends of the pipe.
In the current work, a general water leakage coefficient is used. When applied to real life water networks, the leakage coefficient may be calibrated by means of field tests and historic network data. The water leakage along a pipe is concentrated as water consumption at the pipe's terminal node, see Equation (7). The total water leakage at a node is equal to the sum of all water leakages in all pipes leading to the node.
Water leakage equation, non-linear form:
where: q t j ¼ leakage at node j, variable (m 3 /hr). Z i ; Z j ¼ ground elevations at nodes i and j, constants (m). LK i,j ¼ orifice leakage coefficient, constant. AH t i,j ¼ artificial head gain or loss in pipe, variable (m) due to pump station TH (positive value) or PRV (negative value), AH t i,j ¼ 0 (as constant) if there is no pumping station or valve on pipe.
Water leakage equation, linear form:
where: Al t i,j , Bl t i,j ¼ water leakage linear equation coefficients, constants.
Water balance at nodes equation with leakage:
LINEARIZATION OF THE PUMP STATION ENERGY CONSUMPTION
The model formulation presented in the paper deals with a pumping station as a whole, referring to the station's total combined flow rate assuming all the pumps have VFD.
The formulation may be altered so as to address each of the pumping units or each of the pump combinations separately. In the following text, the term pumps is equivalent to pumping stations. The general energy consumption at a pumping station is given by Equation (8) Pump energy consumption, non-linear form:
where: H t p , H t j ¼ water heads at pump suction side (p) and at downstream node ( j), variables (m). dH t p,j ¼ pipe headloss, variable (m), see combination of Equation (1) and Equation
(2). R p,j ¼ pipe resistance, constant, Equation (2). The variables H p and H j are dependent upon the sum of head losses along the pipes leading to and from the pumping station to and from nodes with known water heads. As the headloss along the upstream and downstream pipes is related to the flow [dH ¼ RQ 1.852 ], the formulation in Equation (11) may be written generally in the form of
and is replaced by the general linear relation
Pump energy consumption, linear form:
where: Ap t i,j , Bp t i,j ¼ energy consumption linear equation coefficients, constants.
SOLUTION ALGORITHM -INITIALIZATION STEP
In the first initialization step, the linear coefficients are set with initial values in a general form similar to that presented by Price & Ostfeld () . After the initial values are set, the optimization model is solved and the results of the initialization step are used to adjust the linearization coefficients to be used in the first of the following iteration steps. A modi- In a similar manner the leakage linear coefficients Al, Bl are found using Equation (13b) where: The Ah t i,j and Bh t i,j coefficients are found for a line passing through two points on the convex curve, the first a constant fixed point and the second a point dependent upon the results of the previous iteration stage. For headloss, the fixed point is [γ II Q i,j max , (γ II Q i,j max ) 1.852 ] and the varying point is [Q t* i,j , (Q t* i,j ) 1.852 ], using Equations (14a) and (15a) and as shown in Figure 2 (line C). The γ II value was found to give minimal least squares between the Q 1.852 curve and the two lines connecting the origin [0,0] to [γ II Q i,j max , (γ II Q i,j max ) 1.852 ] and connecting [γ II Q i,j max , (γ II Q i,j max ) 1.852 ] to [Q i,j max , (Q i,j max ) 1.852 ] as shown in Figure 2 (line B) and Table 1 .
In a similar manner, the Al t i,j and Bl t i,j coefficients are found for a line intersecting the point [P t* i,j , (P t* i,j ) 1.18 ] and the fixed point [γ II P i,j max , (γ II P i,j max ) 1.18 Iteratively calculating Ah, Al, Ap, Bh, Bl, Bp coefficients:
where: Q t* i,j ¼ flow rate in pipe (i,j) given by the result of the previous iteration stage, constant (m 3 /hr). H t* i ¼ water head at junction i, given by the result of the previous iteration stage, constant (m). AH t* i,j ¼ artificial water head gain in at pipe (i,j), given by the result of the previous iteration step,
SOLUTION ALGORITHM -CONVEX LINEARIZATION ERROR
Following each iteration step, a maxErr variable is calculated using Equation (16) to find the maximum relative error between the convex and linear equations for each of the solution points. While maxErr !0.5% the iterative procedure repeats. The process successfully stops when maxErr <0.5% or fails if a maximum number of iteration steps is reached.
Calculating convex linearization error:
where: maxErr ¼ maximum linearization error, variable (%).
PREVENTING SOLUTION OSCILLATION
Price & Ostfeld () reported that in some cases, in the final iteration steps, the optimal solution oscillated indefinably between two similar solutions preventing the convergence of the linearization process, eventually ending in failure when a maximum iteration step count is reached. It is proposed that the flow change penalty be introduced in all the iterations steps following the initial iteration step. It was found that the flow change penalty helps the solution to converge in less iteration steps; see
Equations (17) and (18).
where: v t,1 i,j , v t,2 i,j ¼ positive flow change penalty slacks, variables (m 3 /hr)
MODEL DESCRIPTION
Following is a simplified description of the LP model used in this study. In the initialization step, Equation (23) is not used and the variables v t,1 i,j , v t,2 i,j are set to zero. All the variables are continuous, and in each iteration step a linear problem is solved.
OBJECTIVE FUNCTION
The objective function given in Equation (18) (11) and by the electrical tariff rates associated with the pumping station. Note that system water leakage affects the water balance at nodes resulting in an increased volume of water to be pumped by the pumping stations, directly affecting the objective function, causing the model to aim at reducing system water leakage. The second part is the source cost penalty, which acts as a fine (positive or negative) on the water supplied from defined sources. The source cost penalty may be modified to operate on selected pipes acting as a fine on water flow in different parts of the system. The third part is the flow change penalty which acts as a fine on the water flow rates as they change relative to the previous iteration steps' resulting flow rates.
Minimize annual operation cost, water cost and minimize flow change penalty: 
CONSTRAINTS
Water balance at nodes with leakage (same as Equation (7)):
Demand node water balance:
Pump node input:
Water leakage equation (same as Equation (6)):
Flow change penalty (same as Equation (17)):
Water tank hourly and annual water balance:
Pump TH: 
EXAMPLE APPLICATION
The example application is a hypothetical water distribution system, see Figure 3 . The system consists of three pressure Figure 4 . Monthly and daily water consumption distribution is presented in Table 2 and Table 3 , the average weekly demand is calculated by dividing the monthly demand by the number of weeks in each month, hourly consumption occurs evenly between 07:00 and 16:00 (10 hr per day). Pumping nodes maximum working point (flow and TH), water tank volume and water levels (head) are shown in Figure 4 . grouped into three daily periods (Sun-Thu, Fri, Sat). According to the session group and the daily period, the hours of the day are grouped into three hourly periods: low charge (marked L), moderate charge (marked M), and peak charge (marked P).
Case 1: Water balance and headloss
The model was solved including water balance and hydraulic headloss constraints, minimal head at demand nodes [aD2-4] was not applied. The resulting optimal annual operation cost is 591,669 NIS/year, see Table 4 . Figure 4 presents the resulting water balance and water tank volumes in an average week of July in which maximum consumption occurs. Figure 4 shows the weekly operation of the water tanks, which fully fill from the pumping stations and water well during the low and moderate electrical tariff hours and fully empty to consumption during the peak tariff hours. On Friday, the water tanks are moderately used with little change in the water tank volumes as all hours have a low tariff rate. þ72.02 m, supplying a water pressure of (2.02 m, gage). As such a low water pressure is not acceptable for supply, a minimum water head is introduced in case 2a. pressure along the pipe, see Equation (22) water tank, mainly due to changes in output from 'zone a' and not due to tariff cost operating considerations.
The electrical operating cost in case 4a is higher than in case 3 due to the high TH of the well in case 4a relative to that of the pump in case 3 resulting in a higher energy consumption, and due to operating in peak tariff hours. year is source water cost and 742,640 NIS/year is electricity cost), see Table 4 . The negative annual operation cost means the system is profitable. The resulting negative operation cost system is an extreme case relative to real world system operation, and it emphasizes the example and algorithm.
The meaning of the negative fine at source [aSp] is that the system is rewarded for water taken from the source.
The negative fine causes the system to maximize the volume of water taken from the source in order to maximize profit even at the expense of higher electrical operating costs. Figure 11 demonstrates the operation of the system when the system is rewarded for taking water from source
[aSp]. The system operation in case 4b is completely opposite to the operation in cases 4a and 3. The volume of water tank [aR] is kept at a maximum level to raise the water heads in 'zone a' resulting in higher water leakage.
The leakage is maximized to increase overall water output volume from the system and maximize the water input 
CONCLUSIONS
A minimal cost optimal operation iterative LP model, including the non-linear HW headloss, water leakage, variable pump energy consumption and linear source cost, was demonstrated on an example water supply system. Minimum and maximum water head constraints at selected demand nodes cause the shifting of pump operation so as to maintain a minimum and maximum water level in the water tanks to meet the head constraints.
Also, hourly flow rates were reduced to lower dynamic headloss and increase water heads at constrained nodes.
Introducing pressure-dependent water leakage along pipes causes the grouping of pump stations' operation throughout the day such as to create maximum hourly flow rates creating higher dynamic headloss, lowering water heads and by that reducing leakage, while maintaining minimum head constraints at selected nodes. Last, a source cost penalty was introduced at a pumping station with lowest TH (energy cost). The source cost penalty caused the system to prefer the use of a water well, with higher energy consumption which was previously seldom used, and abandon the use of the pumping station. When a negative penalty at the pumping station was introduced, encouraging the use of the pumping station even more, the pumping station was operated such as to reduce flow rates in the system in order to lower dynamic headloss and create higher water head and increased water leakage, thus increasing the overall amount of water supplied from the pumping station and maximizing the reward. The penalty may be applied on any of the pipes in the system. The intuitive result is that the model will aim to lower the amounts of water supplied through a fined pipe and maximize the amounts of water supplied through pipes with a rewarding water fine.
The algorithm was successfully demonstrated with 'greater than' and 'less than' constraints. The algorithm successfully terminates with an optimal operation solution, following 7-10 iteration steps with an average total solution time of about 2 minutes. Currently, fixed speed pumps are not handled by the model as this would transform the original problem from a smooth NLP into a discrete MIP. The method may be applied to a pumping station supplying water to consumers via a water tank or directly to the consumer using a VFD as the pumping station. The method is also valid for low lift pumps, where the water level changes at the destination tank are comparable with the head increase across the pump station. The objective function aims to minimize the operating cost which is a combination of pump flow, TH and 
